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Iurp Qdvk wr Zdoudv yld Vkdsoh|Vkxeln
Sudghhs Gxeh| dqg Mrkq Jhdqdnrsorv
Devwudfw
Zh ghulyh wkh h{lvwhqfh ri d Zdoudv htxloleulxp gluhfwo| iurp Qdvk*v wkhruhp
rq qrqfrrshudwlyh jdphv1 Qr sulfh sod|hu lv lqyroyhg/ qru duh jhqhudol}hg jdphv1
Lqvwhdg zh xvh d yduldqw ri wkh Vkdsoh|Vkxeln wudglqj0srvw jdph1

4

Lqwurgxfwlrq

Wkh sdshu ri Qdvk ^45` rq wkh h{lvwhqfh ri htxloleulxp srlqwv lq qrqfrrshudwlyh jdphv
zdv klvwrulfdoo| fulwlfdo iru Zdoudvldq dqdo|vlv1 Lq rughu wr suryh h{lvwhqfh ri Zdoudv
htxloleulxp/ Duurz dqg Gheuhx ^5`/ ^8`/ ^9` h{whqghg Qdvk*v prgho wr jhqhudol}hg
jdphv dqg dgghg d fwlwlrxv sulfh sod|hu +zkrvh sd|r zdv wkh ydoxh ri h{fhvv
ghpdqg, wr wkh hfrqrp|1 Zdoudv Htxloleuld +ZH, zhuh wkdq rewdlqhg dv Qdvk
Htxloleuld +QH, ri d jhqhudol}hg jdph wkdw lqfoxghg wkh sulfh sod|hu1
Zh vkrz wkdw ZH h{lvw zlwkrxw vwhsslqj rxwvlgh wkh ruljlqdo iudphzrun ri Qdvk1
Lq idfw/ ZH duh wkh olplwv ri QH ri d vhtxhqfh ri jdphv +P,1 Qr sulfh sod|hu
lv lqyroyhg qru duh jhqhudol}hg jdphv1 Wkh jdphv +P, dgkhuh frpsohwho| wr wkh
vwdqgdug irupdw odlg rxw e| Qdvk= hdfk sod|hu kdv d frpsdfw/ frqyh{ vwudwhj|0
vhw> dqg d frqwlqxrxv sd|r ixqfwlrq zklfk lv frqfdyh lq klv rzq vwudwhj|1 Zh
gr uhsodfh hdfk ruljlqdo djhqw lq wkh hfrqrp| e| d w|sh frqvlvwlqj ri d frqwlqxxp
ri lghqwlfdo djhqwv14 Exw vlqfh zh uhvwulfw wr w|sh0v|pphwulf +WV, vwudwhjlhv/ doo
phdvxuh0wkhruhwlf whfkqlfdolwlhv duh dyrlghg1 E| dq dqdo|vlv lghqwlfdo wr wkdw ri Qdvk/
zh yhuli| wkh h{lvwhqfh ri WVQH/ dqg khqfh ri d ZH1
Rxu jdph lv d yduldqw ri wkh Vkdsoh|Vkxeln wudglqj0srvw jdph +^4:`/ ^4;`/ ^4<`,1
Lw lv ghqhg e| d frqwlqxrxv pds iurp djhqwv* elgv +vwudwhjlhv, wr sulfhv dqg
ihdvleoh uhdoorfdwlrqv +rxwfrphv,1 Wr rxu plqg/ wkh prvw vdolhqw ihdwxuh ri wkh jdph0
wkhruhwlf dssurdfk lv wkdw wkhuh lv vxfk d pds= qr pdwwhu zkdw vwudwhjlhv djhqwv
fkrrvh/ d ihdvleoh rxwfrph lv dozd|v hqjhqghuhg1 Lq Zdoudvldq dqdo|vlv zh duh ohiw lq
wkh gdun dv wr zkdw kdsshqv rxw ri htxloleulxp1
Wkh vhdufk iru jdph0wkhruhwlf irxqgdwlrqv ri Zdoudv htxloleulxp kdv d orqj dqg
ulfk klvwru|1 Lq klv idprxv sdshu ri 4;6;/ Frxuqrw ^7` lqwurgxfhg d edvlf prgho lq
4

Rqh pljkw hyhq dujxh wkdw wkh qrwlrq ri dq QH ehfrphv pruh yldeoh zlwk d frqwlqxxp/ iru wkhq
xqlodwhudo ghyldwlrqv ri dq| djhqw duh gurzqhg lq pdunhw djjuhjdwhv dqg duh qrw ghwhfwdeoh1 Hdfk
djhqw qdwxudoo| dvvxphv wkdw rwkhuv zloo krog wkhlu vwudwhjlhv {hg li kh ghyldwhv1 +Wkh frqwlqxxp
dovr hdvhv wkh wudqvlwlrq iurp QH wr ZH/ dw wkh whfkqlfdo ohyho1 Exw/ iru frpsohwhqhvv* vdnh/ zh dgg
d odvw Vhfwlrq 9 zklfk vkrzv wkdw rxu dqdo|vlv uhpdlqv lqwdfw zkhq d qlwh vhw ri djhqwv lv uhsolfdwhg
dqg wkh qxpehu ri uhsolfdv jrhv wr lqqlw|1,
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zklfk upv frpshwh dw d vlqjoh pdunhw e| vwudwhjlfdoo| fkrrvlqj krz pxfk rxwsxw
wr surgxfh dqg vhoo1 Wkh Frxuqrw jdph lv wkh dufkhw|sdo h{dpsoh ri d Qdvk jdph
zlwk frqwlqxrxv/ frqfdyh sd|rv1 Htxloleulxp dozd|v h{lvwv/ dqg Frxuqrw klpvhoi
revhuyhg wkdw dv wkh qxpehu ri djhqwv lqfuhdvhv/ sulfh0wdnlqj ehkdylru lv lqgxfhg
dqg ZH lv dfklhyhg lq wkh olplw1 Ehuwudqg ^6` ghqhg dqrwkhu jdph lq zklfk sulfhv
duh wkh vwudwhjlf yduldeohv/ dqg vkrzhg wkdw QH frlqflgh zlwk ZH/ surylghg wkhuh
duh dw ohdvw wzr frpshwlqj upv1 Wkh Ehuwudqg jdph/ krzhyhu/ kdv glvfrqwlqxrxv
sd|rv dqg vr lv qrw lq wkh Qdvk irupdw1
Wkh vlqjoh pdunhw dqdo|vhv ri Frxuqrw dqg Ehuwudqg zhuh h{whqghg e| pdq|
dxwkruv wr frph wr julsv zlwk pxowlsoh pdunhwv lq jhqhudo htxloleulxp1 Iroorzlqj wkh
Ehuwudqg wudglwlrq qdwxudoo| ohg wr glvfrqwlqxrxv jdphv1 Lq ^;`/ ^43`/ ^49`/ frlqflghqfh
ri QH dqg ZH zdv hvwdeolvkhg/ exw wkh dxwkruv uholhg rq wkh h{lvwhqfh ri ZH wr
vkrz wkh h{lvwhqfh ri wkhlu QH/ udwkhu wkdq wkh rwkhu zd| durxqg1
Wkh h{whqvlrq ri wkh Frxuqrw wudglwlrq wr jhqhudo htxloleulxp zdv slrqhhuhg e|
Oor|g Vkdsoh| dqg Pduwlq Vkxeln ^4:`/ ^4;`/ ^4<`1 Wkh gl!fxow| wr ryhufrph lv wkdw
dq djhqw pljkw zdqw wr vhoo lq rqh pdunhw dqg ex| lq dqrwkhu1 Krz fdq wkh Zdoudv
exgjhw vhw eh lqfrusrudwhg lq wkh jdphB Rqh srvvlelolw| lv wr lqwurgxfh d pdunhw iru
hyhu| sdlu ri frpprglwlhv/ dv lq ^4`1 Exw wklv grhv qrw qhfhvvdulo| |lhog frqvlvwhqw
sulfhv/ dqg vr wkhuh pd| eh QH zklfk duh yhu| idu iurp ZH> wkxv wkh h{lvwhqfh ri
QH grhv qrw lpso| wkdw ri ZH1 D glhuhqw dssurdfk/ wdnhq e| Vkdsoh| dqg Vkxeln/
zdv hortxhqwo| ghvfulehg e| Vkdsoh| ^4:`1
Wkh ghflvlyh vwhs zdv wr phhw wkh sureohp ri prqh| khdg rq  wr df0
fhsw wkh sursrvlwlrq wkdw/ lq wkh zruog ri ex|lqj dqg vhoolqj/ prqh| lv
uhdo1 Judqwlqj wklv/ wkh uhvw idoov lqwr sodfh zlwk uhpdundeo| ihz rwkhu
jhqhudolw|0uhvwulfwlqj dvvxpswlrqv1
Vkdsoh| dqg Vkxeln h{solflwo| lqwurgxfhg prqh| dv wkh vwlsxodwhg phglxp ri
h{fkdqjh1 Wkhlu prgho zdv fduulhg iruzdug e| vhyhudo rwkhuv/ zkr wrrn xs wkh wkhph
ri vkrzlqj wkdw FrxuqrwQdvk htxloleuld frqyhujh wr Zdoudv htxloleuld1 Fxulrxvo|/
krzhyhu/ wkh prvw gluhfw urxwh iurp Qdvk wr Zdoudv vhhpv wr kdyh ehhq plvvhg1 Lq
^:`/ ^4:`/ ^4;`/ dqg ^4<`/ wkh prqh| lv rqh ri wkh lqwulqvlfdoo| ydoxdeoh frpprglwlhv/ dqg
frqyhujhqfh rqo| rewdlqv xqghu vshfldo frqglwlrqv rq wkh hqgrzphqwv dqg suhihuhqfhv
ri wkh hfrqrp|1 Lq jhqhudo/ wkhuh pd| qrw eh hqrxjk ri wkh frpprglw| prqh| wr
vxvwdlq doo wkh ZH wudghv1 Wklv vxjjhvwv wkh lqwurgxfwlrq ri dw prqh|/ dqg lq
sduwlfxodu ri lqvlgh dw prqh|/ zklfk fdq eh eruurzhg e| doo djhqwv dqg pxvw
eh uhsdlg diwhu wudgh1 Exw/ zlwk eruurzlqj/ wkh srvvlelolw| ri ghidxow pxvw dovr eh
uhfnrqhg zlwk1 Lq ^44`/ ^46`/ dqg ^47`/ wkhuh lv lqvlgh dw prqh| dqg QH frqyhujh
wr ZH/ exw wkh jdphv gr qrw frqirup wr wkh Qdvk irupdw= kduvk/ glvfrqwlqxrxv
shqdowlhv duh lpsrvhg rq wkrvh zkr ghidxow +h1j1/ frqvfdwlrq ri doo frqvxpswlrq,/
frqyhuwlqj wkh jdph  dw erwwrp  lqwr d jhqhudol}hg jdph1 Lq ^:` dqg ^53` jhqxlqh
Qdvk jdphv duh suhvhqwhg/ zklfk dovr hqwdlo wkh frlqflghqfh ri QH dqg ZH1 Exw rqfh
djdlq wkh h{lvwhqfh ri QH lv lqihuuhg iurp wkdw ri ZH1 Lw vhhpv zruwkzkloh wr xv +dw
wkh yhu| ohdvw iurp d shgdjrjlfdo srlqw0ri0ylhz, wr ghvfuleh d vlpsoh yduldqw ri wkh
Vkdsoh|Vkxeln prgho zklfk dgkhuhv wr wkh Qdvk irupdw/ dqg zkrvh QH fdq hdvlo|
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eh vkrzq wr frqyhujh wr ZH/ xqghu wkh vwdqgdug dvvxpswlrqv rq wkh xqghuo|lqj
hfrqrp|1
Lq rxu jdph +P,/ lqvlgh dw prqh| lv wkh vroh phglxp ri h{fkdqjh/ dqg d
wudglqj0srvw lv vhw xs iru hdfk frpprglw| c 5 O lq wkh hfrqrp|1 Hyhu| djhqw w
sxwv xs klv hqwluh5 hqgrzphqw h| iru vdoh dw srvw c1 Djhqwv lqlwldoo| kdyh qr prqh|/
exw fdq eruurz xs wr P dw }hur lqwhuhvw iurp d edqn1 Wkh| wkhq fkrrvh krz pxfk
prqh| wr elg dw hdfk srvw iru sxufkdvhv1 Dq h{whuqdo djhqw dovr elgv rqh groodu dw
hdfk srvw wr wuljjhu wudgh wkhuh1 Wkh edqn dqg wkh h{whuqdo djhqw dqg wkh wudglqj0
srvwv duh doo vwudwhjlf gxpplhv1 Wkh| kdyh qr fkrlfhv wr pdnh dqg vr/ xqolnh wkh
sulfh sod|hu lq Gheuhx/ wkh| gr qrw rswlpl}h1 Sulfhv s irup dw hdfk srvw c dv wkh
udwlr ri wrwdo prqh| elg wr wrwdo frpprglw| uhfhlyhg dw srvw c1
Dq djhqw w zkr elgv   xqlwv ri prqh| dw srvw c uhfhlyhv {| @   @s xqlwv ri
frpprglw| c lq uhwxuq1 Kh dovr rewdlqv s h| xqlwv ri prqh| dv vdohv uhyhqxh1 Wklv
ghvfulehv krz sulfhv phgldwh wudgh1 Qrwlfh wkdw wkh wudglqj0srvwv dozd|v fohdu dqg
jhqhudwh d ihdvleoh uhdoorfdwlrq ri wkh hqgrzphqwv/ qr pdwwhu zkdw wkh djhqwv elg1
+Wkxv lq rxu vfhqdulr pdunhwv dozd|v fohdu1 Li/ lq dgglwlrq/ djhqwv rswlpl}h/ zh rewdlq
dq QH1 E| frqwudvw/ lq Zdoudvldq dqdo|vlv/ djhqwv dozd|v rswlpl}h/ dqg pdunhwv fohdu
rqo| dw ZH1,
Hyhu| djhqw w lq rxu jdph rewdlqv wkh sd|r
+
,
[
[
 
s h| =
x| +{| ,  pd{ 3>
Mu
Mu
Wkh pd{ whup uh hfwv wkh idfw wkdw k jhwv qr xwlolw| iurp frqvxplqj dw prqh|/ exw
lv shqdol}hg iru ghidxowlqj rq klv ordq1
Wkh jdph +P, ghshqgv rq wkh eruurzlqj olplw P zklfk frpsdfwlhv djhqwv*
vwudwhj| vsdfhv1 E| Qdvk*v wkhruhp/ +P, kdv d WVQH1 Dv P $ 4/ olplwv ri wkh
WVQH |lhog ZH1 Wklv lv vr hyhq wkrxjk wkh vwudwhj| vhwv dqg wkh ghidxow shqdowlhv duh
ghqhg frpsohwho| lqghshqghqwo| ri wkh fkdudfwhulvwlfv ri wkh djhqwv lq wkh hfrqrp|1
Zh suryh wkdw li vrph djhqwv ghidxow/ rwkhu djhqwv pxvw eh elgglqj ohvv wkdq wkhlu
vdohv uhyhqxh1 Wkh ghidxowhuv lq hhfw ure iurp wkrvh zkr hqg xs zlwk vxusoxv1 Wklv
gulyhv wkh odwwhu wr eruurz dqg vshqg xs wr wkh olplw P/ sxvklqj sulfhv s+P, kljkhu
dv P $ 41 Hyhqwxdoo| wkh ghidxow shqdow| grhv elwh dqg fkrnhv r uhdo ghidxow1
Wr wkh ehvw ri rxu nqrzohgjh/ wkh rqo| jhqxlqh jdphv zkrvh QH zhuh vkrzq
wr h{lvw dqg wr frqyhujh wr ZH lq jhqhudo zhuh jlyhq e| Gxeh|Jhdqdnrsorv ^<`/
Vdkl\dr ^48`/ dqg +lqvsluhg e| Vdkl\dr, e| Vrulq ^54`1 Lq ^<` wkh prgho lqwurgxfhv
rxwvlgh prqh|/ dorqj zlwk lqvlgh prqh|/ dqg dq hqgrjhqrxv srvlwlyh lqwhuhvw udwh1 E|
hvfkhzlqj wkhvh/ wkh prgho zh suhvhqw qrz lv vlpsohu dqg uhyhdov d pruh gluhfw urxwh
iurp Qdvk wr Zdoudv1 Wkh prghov lq ^48` dqg ^54` duh dq rughu ri pdjqlwxgh pruh
frpsoh{ wkdq rxuv/ dqg dovr lpsrvh vrphzkdw vwurqjhu frqglwlrqv rq wkh xqghuo|lqj
hfrqrp|1
5

Wklv vlpsolhv wkh dqdo|vlv1 Zh frxog kdyh pdgh wkh pruh uhdolvwlf dvvxpswlrq wkdw djhqwv vhoo
zkdw wkh| zdqw1 Wkh jdph zrxog wkhq jhw pruh frpsolfdwhg exw zlwkrxw dhfwlqj wkh uhvxow1

6

5

Zdoudv Htxloleulxp

Ohw K @ i4> ===> Kj eh wkh vhw ri krxvhkrogv dqg O @ i4> ===> Oj wkh vhw ri frpprglwlhv1

u
Iru k 5 K/ h 5 Uu
n lv wkh hqgrzphqw dqg x = Un $ U wkh xwlolw| ri frqvxpswlrq
ri krxvhkrog k1 Zh dvvxph/ iru doo k 5 K/
+l, h

3

+ll, x lv frqwlqxrxv/ frqfdyh dqg zhdno| prqrwrqlf +l1h1/ {
x +|,,

| lpsolhv x +{, A

+Iru uhod{dwlrqv ri +l, dqg +ll, vhh Vhfwlrq 81,
uM
Uhfdoo wkdw +s> +{ ,MM , 5 Uu
n Un lv d Zdoudv htxloleulxp +ZH, ri wkh hfrqrp|


+h > x ,MM li
[
[
{ 
h >
MM
MM
dqg
{ 5 duj pd{ix +|, = | 5 E  +s,j

iru doo k 5 K/ zkhuh E  +s,  i| 5 Uu
n = s  |  s  h j1
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Qdvk Htxloleulxp

Frqvlghu d frqwlqxxp ri djhqwv +3> K` pdgh xs ri w|shv +k  4> k`/ k 5 K1 Hdfk
w 5 +k  4> k` kdv hqgrzphqw h| @ h dqg xwlolw| x| @ x 1 Wkh xqghuo|lqj srsxodwlrq
phdvxuh lv Ohehvjxh1
Iru hyhu| frpprglw| c 5 O/ wkhuh lv d wudglqj0srvw wr zklfk djhqwv vhqg frp0
prglw| c iru vdoh dqg +dw, prqh| iru sxufkdvh1 Iru vlpsolflw| zh vxssrvh wkdw
UM 
6
h gw @
wkh|
sxw
xs
wkhlu
hqwluh
hqgrzphqw
iru
vdoh
vr
wkdw
wkh
srvw
uhfhlyhv
f
S
  h xqlwv ri frpprglw| c1 Zh ixuwkhu vxssrvh wkhq dq h{whuqdo djhqw
h

MM 
sxwv xs 4 groodu ri dw prqh| dw hdfk srvw lq rughu wr wuljjhu wudgh wkhuh1 Dq|
djhqw w 5 +3> K` fdq eruurz prqh| e| / c 5 O/ dw }hur lqwhuhvw wr elg dw wkh srvwv1
Exw kh lv qrw doorzhg wr eruurz pruh
P lq wrwdo1 Wkxv wkh vwudwhj|0vhw ri
S wkdq
|
u
|
hdfk w 5 W lv V+P, @ ie 5 Un = Mu e  Pj1 Vxssrvh wkh fkrlfh ri vwudwhjlhv
e @ ie| j|MA frqvwlwxwhv d phdvxudeoh ixqfwlrq1 Wkhq sulfhv s  s+e, 5 Uu
nn irup dw
wkh wudglqj0srvwv dffruglqj wr wkh uxoh=
s @

e . 4
A3
h

iru c 5 O1 Hdfk srvw c fohduv dw lwv sulfh s +e,/ vr wkdw w 5 +3> K` rewdlqv wkh
frqvxpswlrq exqgoh {|  {| +s+e,> e| , 5 Uu
n zlwk frpsrqhqwv
{| @
6

U
Zh zulwh 3 s | _|

UM
s7 dqg f s | _|

e|
s +e,

s71 Ri frxuvh/ e7 ' e lq rxu vhwxs1

7

dqg dovr rewdlqv s +e,h| xqlwv ri prqh| dv uhyhqxh iurp wkh vdoh ri klv hqgrzphqw
h| / ohdylqj klp zlwk wkh qhw ghflw
[
[
e| 
s +e,h| =
g|  g| +s+e,> e| , @
Mu
Mu
Wkh sd|r wr w iurp wkh rxwfrph +{| > g| , lv
&
#
u $ %[
u
e|
|
|
|
|
|
|
|
+e  s +e,h ,
 +e, @ x +{ ,  gn @ x

s +e, '
'

n

zkhuh g|n @ pd{i3> g| j1 Wkh pd{ whup uh hfwv wkh idfw djhqwv jdlq qr xwlolw| iurp
frqvxplqj dw prqh|/ exw lqfxu glvxwlolw| iurp ghidxowlqj rq wkhlu ordqv1
Revhuyh wkdw wkh wudglqj srvwv vlpso| uhglvwulexwh hyhu|wklqj wkh| uhfhlyh1 Vlqfh
wkh h{whuqdo djhqw vhqgv O grooduv dqg qr frpprglwlhv wr wkh srvwv/ dqg uhfhlyhv
frpprglwlhv exw qr prqh| lq uhwxuq/ zh pxvw kdyh
[
[ [
[
e @
s +e,
h @
s +e,h
O.
Mu
Mu
MM Mu
[

{
  h ;c 5 O
MM
iru dq| e = +3> K` $ V+P,1 Wkxv wkh wudglqj srvw phfkdqlvp jxdudqwhhv wkh ihd0
vlelolw| ri wkh qdo doorfdwlrq wr djhqwv/ qr pdwwhu zkdw wkh| elg/ dqg uhjdugohvv ri
zkhwkhu ru qrw wkh| duh rswlpl}lqj1
D phdvxudeoh fkrlfh eW = +3> K` $ V+P, lv vdlg wr eh d Qdvk htxloleulxp +QH, ri
+P, li/ iru d1d1w 5 +3> K`
e| 5 duj pd{ | +em| ,
q M7 E 
zkhuh em|  lv wkh vdph dv e h{fhsw wkdw e| lv uhsodfhg e| 1
D fkrlfh e = +3> K` $ V+P, lv fdoohg w|sh0v|pphwulf li e| @ e zkhqhyhu w 5
+k  4> k`/ dqg k 5 K1 Lq wklv fdvh zh zulwh e  +e > ===> eM ,1 D w|sh0v|pphwulf QH
zloo eh ghqrwhg WVQH1
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Iurp Qdvk wr Zdoudv
H{lvwhqfh ri Qdvk Htxloleulxp

Iru dq| w|sh0v|pphwulf fkrlfh ri vwudwhjlhv e @ +e > ===> eM , 5 +V+P,,M frqvlghu wkh
vhw *| +e, ri ehvw uhsolhv ri dq| djhqw w 5 +k  4> k` wr e=
;
%
& <
?    
@
[
[

|
|



 
s +e,h
* +e, @ duj pd{  +em| , @ duj pd{ x
>
s +e, Mu
q M7 E 
q M7 E  =
Mu
Mu
n
E| v|pphwu|/ *| +e, lv wkh vdph iru doo w 5 +k  4> k` dqg zh ghqrwh lw * +e,1 Iurp
wkh idfw wkdw  grhv qrw dhfw s+e,/ l1h1/ s+e, @ s+em| ,/ lw iroorzv wkdw {| +s+e,> , dqg
8

g| +s+e,> , duh olqhdu lq  +iru {hg e,/ dqg khqfh +em| , lv frqfdyh lq 1 Vlqfh V+P,
lv frqyh{/ zh frqfoxgh wkdw vr lv * +e,1
Zh ylhz  dv d ixqfwlrq iurp +V+P,,M  V+P, wr U1 Fohduo|  lv frqwlqxrxv lq
+e > ===> eM > ,1 Khqfh e| wkh pd{lpxp sulqflsoh/ wkh fruuhvsrqghqfh * = +V+P,,M 
V+P, lv frpsdfw ydoxhg dqg xsshu vhpl0frqwlqxrxv1 Wkhuhiruh/ vr lv wkh fruuhvsrq0
ghqfh * = +V+P,,M  +V+P,,M ghqhg e| * @ +* > ===> *M ,1 E| Ndnxwdql*v wkhruhp
lw kdv d {hg srlqw zklfk lv hdvlo| vhhq wr eh d WVQH1
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Zdoudv Htxloleuld dv Olplwv ri Qdvk Htxloleuld

Iru hdfk lqwhjhu P  4/ ohw e+P, @ +e +P ,,MM eh d WVQH lq +P,/ zlwk sulfhv
e| wkh
s+P, dqg rxwfrphv
+{ +P,> g +P,,MM 1 Vlqfh frpprglwlhv duh frqvhuyhg
S
S


wudglqj srvwv/ MM { +P,  h +zlwk wkh h{whuqdo djhqw uhfhlylqj h MM { +P,,1
Lq sduwlfxodu/ hdfk { +P, lv xqlirupo| erxqghg1 Ixuwkhupruh/ vlqfh dq| djhqw ri
h,  gn +P, 
w|sh k dozd|v kdv wkh rswlrq ri vshqglqj dqg frqvxplqj qrwklqj/ x +




x +{ +P,,  gn +P,  x +3,1
h,  x +3,1 Ohw +P, @
Khqfh gn +P, lv dovr xqlirupo| erxqghg deryh e| x +
ik 5 K = g +P , A 3j eh wkh vhw ri djhqwv zkr duh uxqqlqj d ghflw/ dqg ohw

? 3jSeh wkh vhw ri djhqwv
uxqqlqj d vxusoxv1
+P, @ ik 5 K
S zkr duh
S = g +P,



Wkhq ri frxuvh MM g +P , @ MBE  g +P, . MjE  g +P,1 Vlqfh prqh| lv
frqvhuyhg e| wkh wudglqj srvwv
[
[
[
O
+g +P,, .
gn +P, @ O .
g +P, @ 3>
MM
MjE 
MBE 
S
S
vr MjE  g +P, @ O. MBE  gn +P, lv xqlirupo| erxqghg deryh/ dqg vr hdfk
g +P, lv dovr xqlirupo| erxqghg deryh1 Khqfh g +P , lv xqlirupo| erxqghg1

 

Wkxv zh pd| sdvv wr d frqyhujhqw vxevhtxhqfh zlwk
Su{ +P, $ { / g +P, $ g /
iru doo k 5 K/ dqg s+P,@mms+P ,mm $ s +zkhuh mm|mm  ' m| m,1 Zh vkdoo vkrz wkdw
+s> +{ ,MM , lv d Zdoudv htxloleulxp1
Revhuyh uvw wkdw +P, 9@ ! ehfdxvh O A 31 Hyhu| djhqw ri w|sh k 5 +P, pxvw
eh vshqglqj xs wr klv olplw P/ iru rwkhuzlvh kh frxog vshqg d olwwoh pruh dw hdfk
srvw/ frqvxplqj vwulfwo| pruh ri hyhu| frpprglw|/ zlwkrxw lqfxuulqj dq| ghidxow/
frqwudglfwlqj wkdw kh lv rswlpl}lqj dw wkh WVQH1 Vlqfh kh lv uxqqlqj d vxusoxv/
s+P,  h A P/ zklfk vkrzv mms+P,mm $ 4 dv idvw dv P1
Vlqfh vxusoxvhv dqg ghflwv duh xqlirupo| erxqghg lq P/ lw iroorzv lpphgldwho|
 +{ +P ,  S
h , $ 3/ dqg wkxv s  +{  h , @ 3
wkdw g +P,@mms+P,mm @ s+P ,@mms+P,mmS

iru doo k 5 K1 Vlqfh zh douhdg| kdyh MM {  MM h / lw rqo| uhpdlqv wr yhuli|


 
wkdw li | 5 E  +s, @ i| 5 Uu
n = s  |  s  h j wkhq x +|,  x +{ ,1
Wdnh 3 ?  ? 41 Wkhq s  |  s  h @ s  { ? s  { dqg vr iru odujh P /
^s+P,@mms+P,mm`  | ? ^s+P,@mms+P,mm`  { +P,/ dqg vr s+P ,  | ? s+P,  { +P, 


P1
 / iru c 5 O/ zh kdyh  +P, 5 V+P,/ dqg
S Khqfh ohwwlqj  +P, @ s +P,|
^   +P,  s+P,  h `n  ^s+P,  { +P,  s+P,  h `n @ gn +P,1 Vlqfh e +P, jlyhv
d sd|r dw ohdvw dv kljk dv   +P,/ |hw lqfxuv dw ohdvw dv pxfk shqdow|/ x +{ +P,, 
x +|,1 Sdvvlqj wr wkh olplw/ x +{ ,  x +|,1 Exw  ? 4 zdv duelwudu|1 Khqfh

x +{ ,  x +|,=
9

8
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Iurp Qdvk wr Zdoudv lq Juhdwhu Jhqhudolw|
Zlwkrxw Frqfdylw|

H{whqglqj wkh jdph +P, wr qrqfrqfdyh x zrxog vhhp wr eh iroo|1 Iru h{dpsoh/
li x = Un $ U lv ghqhg e| x +{, @ {2 / wkhq doo djhqwv ri w|sh k zloo zlvk wr jr
lqqlwho| edqnuxsw1 Exw wklqjv duh qrw vr edg diwhu doo1 Wkh| fdqqrw eruurz ru elg
pruh wkdq P1 Zh vkdoo vhh wkdw dq QH dozd|v h{lvwv lq +P ,/ wkrxjk djhqwv ri wkh
vdph w|sh pd| fkrrvh glhuhqw +exw lqglhuhqw$, vwudwhjlhv1 Sdvvlqj wr wkh olplw dv
P $ 4/ zh djdlq rewdlq d ZH1
Zh uhwdlq doo wkh rwkhu k|srwkhvhv h{fhsw iru wkh frqfdylw| ri x 1
Wr vhh wkdw dq QH ri +P, h{lvwv/ uhsodfh wkh fruuhvsrqghqfh e :$ [MM * +e,
e| e :$ [MM Fr+* +e,, zkhuh Fr+* +e,, ghqrwhv wkh frqyh{ kxoo ri * +e,1 Wkh
frqglwlrqv ri Ndnxwdql*v wkhruhp duh vwloo phw/ vr wkhuh h{lvwv e > ===> eM vxfk wkdw
e 5 Fr+* +e,,1 E| Fdudwkhrgru|*v wkhruhp/ wkhuh h{lvw O . 4 srlqwv e > ===> eEun
S n 

lq * +e, dqg O . 4 zhljkwv  > ===> Eun lq Un vxfk wkdw u
'  @ 4 dqg e @
Sun 
'  e 1 Sduwlwlrq +k  4> k`/ iurp ohiw wr uljkw lqwr O . 4 frqvhfxwlyh lqwhuydov
kl ri ohqjwkv  > ===> Eun 1 Ohw wkh djhqwv lq wkh klwk lqwhuydo fkrrvh wkh vwudwhj|
e 1 Wklv jlyhv xv dq QH lq zklfk hdfk w|sh lqgxojhv lq dw prvw O . 4 glhuhqw elgv1
Iru hdfk lqwhjhu P  4 wdnh d QH +s+P,> ++e +P,> { +P,> g +P,>
n



 +P,,u
' ,MM 1 Sdvvlqj wr d vxevhtxhqfh/ zh pd| dvvxph wkdw  +P, $ 
iru doo k dqg l1
S
Ohw Q @ ikl =  +P, $ 3j dqg ohw J @ ikl =  +P, < 3j1 Wkhq tGMC  @
4 iru doo k 5 K1 Ixuwkhupruh/ e| ihdvlelolw| lq +P,/ { +P, lv xqlirupo| erxqghg
dfurvv P iru kl 5 J1 Khqfh zh fdq wdnh frqyhujhqw vxevhtxhqfhv { +P, $ { iru
doo kl 5 J1 Dovr +e| wkh rog dujxphqw, g
n +P, lv xqlirupo| erxqghg iru doo kl 5 J1
Rxu suhylrxv surri wkdw s+P , $ 4 dv idvw dv P uhpdlqv lqwdfw1 Revhuyh qh{w
wkdw iru dq| djhqw w 5 +3> K`/ klv ghflw g| +P, lv erxqghg deryh dqg ehorz lqghshq0
ghqw ri w +wkrxjk qr orqjhu ri P,/ l1h1/
s+P,  h  g +P,  P> iru doo kl
Lw iroorzv wkdw

 +P,g +P,
$ 3 iru doo kl 5 Q=
mms+P ,mm

S
S
Vlqfh O. M C  +P,g +P, @ 3 dqg mms+P,mm $ 4/ zh jhw MC  +P,^g +P,@mms+P ,mm` $
31 Exw g
n +P, lv xqlirupo| erxqghg deryh iru doo kl 5 J/ vr zh frqfoxgh wkdw

g +P ,@mms+P,mm $ 3 iru doo kl 5 J1
Wuhdwlqj wkh w|shv kl 5 J h{dfwo| dv rxu K w|shv hduolhu/ wkh surri surfhhgv dv
ehiruh1 Zh rewdlq d Zdoudv htxloleulxp lq wkh olplw1
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Zlwk Txdvl0Frqfdylw|

Dvvxph wkdw wkh xwlolwlhv duh txdvl0frqfdyh1 Ohw { = +3> K` $ Uu
n eh d ZH doorfdwlrq
U

|
zlwk sulfhv s/ dv lq Vhfwlrq 814 deryh1 Ghqh {
 @ 3 { gw1 Vlqfh {| pd{lpl}hv
:

x|  x rq E  +s,/ iru w 5 +k  4> k`/ lw iroorzv iurp wkh txdvl0frqfdylw| ri x wkdw vr
{ ,MM , lv d ZH1
grhv {
 1 Wkxv +s> +
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Zlwkrxw Srvlwlylw| ri Hqgrzphqwv


Ohw xv
3 zlwk h A 3
S uhwxuq wr wkh fdvh ri frqfdyh xwlolwlhv/ exw qrz uhsodfh h
31 Zhuh zh wr dvvxph luuhgxflelolw|/ zh frxog hdvlo| prgli| rxu
dqg MM h
dujxphqw wr rewdlq ZH lq wkh olplw1 Zlwkrxw vxfk dq dvvxpswlrq/ zkdw gr zh jhwB
3 lq wkdw
Lw lv hdv| wr vhh wkdw WVQH vwloo h{lvw lq +P ,/ vlqfh zh qhyhu xvhg h
sduw ri wkh dujxphqw1 Lqghhg wkhSfrqyhujhqfhSri WVQH dv P $ 4 surfhhghg doo wkh
zd| wr d olplw +s> +{ ,MM , zlwk MM {  MM h dqg s  { @ s  h iru doo k 5 K
31 Zh rqo| qhhghg h
3 wr vkrz wkdw x +{ ,  x +|,
zlwkrxw lqyrnlqj h


3/ zh fdq vkrz wkdw wklv lv vr iru
iru doo | 5 E +s,1 Zlwkrxw wkh k|srwkhvlv h
| 5 EW +s,/ zkhuh EW +s, lv wkh vhw ri vwudwlhg exgjhw0ihdvleoh frqvxpswlrq exqgohv1
Khuh frpprglwlhv duh sduwlwlrqhg lqwr vhwv +vwudwd, O @ O ^    ^ O& dqg lw lv
xqghuvwrrg wkdw frpprglwlhv lq O n duh lqqlwho| pruh ydoxdeoh wkdq wkrvh lq O
+l1h1/ O n lv d kljkhu vwudwd wkdq O ,> ru/ wr sxw lw dqrwkhu zd|/ wkh prqh| lqyroyhg
lq wkh wudgh ri O n kdv dq h{fkdqjh udwh ri lqqlw|/ uhodwlyh wr wkh prqh| ri O 1
Ohw +k,  pd{ ih A 3 iru vrph c 5 O j1 Wkhq EW +s, @ i{ 5 Un = { @ 3 iru
S
V
c 5 & ' En O dqg Mu E s +{  h ,  3j1
Dvvxph zh kdyh d frqyhujhqw vxevhtxhqfh ri WVQH/ zlwk s +P,@s +P, frq0
yhujlqj srvvleo| wr }hur ru lqqlw|1 Ghqh c wr eh lq wkh vdph vwudwd dv m li 3 ?
olp <" s +P,@s +P, ? 4> dqg wr eh lq d kljkhu vwudwd wkdq m li olp <" s +P,@s +P, @
41 Wkhq zh rewdlq d vwudwlfdwlrq
ri wkh frpprglwlhv1 Iru hdfk vwudwd  dqg c 5 O /
S
ghqh s @ olp^s +P ,@ Mu s +P,`1 Lw lv hdv| wr vhh wkdw/ zlwk wkhvh sulfhv/ zh
kdyh d vwudwlhg ZH1

9

Ilqlwho| Pdq| Djhqwv

Zh dvvxphg d frqwlqxxp ri djhqwv wr hdvh wkh wudqvlwlrq iurp QH wr ZH1 Exw rxu
dujxphqw zrunv htxdoo| zhoo zkhq wkhuh lv d qlwh vhw ri djhqwv frqyhujlqj wr d
frqwlqxxp1 Iluvw/ QH h{lvw lq wkh qlwh fdvh/ rqfh djdlq e|
S Qdvk*v surri1 +Wkh rqo|


h lv frqfdyh lq
wklqj wr fkhfn lv frqfdylw| ri sd|rv1 Exw { @ +e @^4 .  MM e `,
e / dqg wkhq vr lv x +{ +===e ===,, lq e / xvlqj wkh idfw wkdw x lv erwk frqfdyh dqg
prqrwrqlf1, Zh pryh wrzdugv wkh frqwlqxxp e| frqvlghulqj n uhsolfdv iru hdfk
k 5 K @ i4> ===> Kj/ doo ri zkrp kdyh wkh vdph hqgrzphqwv dqg suhihuhqfhv dv k1
Wklv |lhogv wkh jdph & +P, zlwk nK djhqwv1 E| wkh vwdqgdug v|pphwul}dwlrq ri
Qdvk*v dujxphqw/ d WVQH h{lvwv lq & +P ,1 Zh wdnh n @ P dqg frqvlghu d vhtxhqfh
ri WVQH ri  +P,/ P $ 41 Dv ehiruh/ vrph w|sh pxvw uxq d vxusoxv/ dqg doo P
djhqwv ri wkdw w|sh elg P +vlqfh rxwfrph lv vwulfwo| prqrwrqlf lq elgv,1 Vr wrwdo
h{shqglwxuhv S
duh ri wkh rughu ri P  P @ P 2 / dqg vlqfh wrwdo h{shqglwxuhv htxdo
O.s+P,P  h / lw iroorzv wkdw mms+P,mm $ 4 dv idvw dv P 1 Pruhryhu wkh ghidxowv
g +P , vwd| erxqghg dv ehiruh/ zklfk lpsolhv wkdw wkhuh h{lvwv d vxevhtxhqfh ri WVQH
zkrvh frqvxpswlrqv dqg qrupdol}hg sulfhv ++{ +P,MM > s+P,@mms+P,mm, frqyhujh wr




;

++{ ,MM > s,/ zlwk s  { @ s  h iru doo k 5 K1
Lw rqo| uhpdlqv wr fkhfn wkdw li s  |  s  h / wkhq x +|,  x +{ ,1 Wklv/
lq wxuq/ zloo iroorz li zh fdq vkrz wkdw | lv ihdvleoh7 iru dq| djhqw ri w|sh k lq
 +P, zlwkrxw lqfxuulqj ghidxow/ iru dq| 3 ?  ? 4 dqg odujh hqrxjk P1 Ohw
On @ ic 5 O = s A 3j dqg Of @ ic 5 O = s @ 3j1 Iru doo c 5 On / wkh wrwdo elg rq
c lv jurzlqj olnh P 2 1 Vr dq djhqw ri w|sh k kdv qhjoljleoh +shufhqwdjh, lq xhqfh rq
s +P, e| xqlodwhudoo| ydu|lqj klv elg ehwzhhq 3 dqg P rq dq| frpprglw| c 5 On
+iru odujh hqrxjk P,1 Il{ 4 A  A  A / dqg ohw wkh djhqw elg  | s +P, iru
hyhu| c 5 On lq  +P,1 Iru odujh P/ kh zloo dftxluh dw ohdvw | yld wklv elg1
Pruhryhu kh zloo eh ohiw zlwk dw ohdvw +4   ,s+P,  h pruh prqh| wr elg rq c 5 Of /
zlwkrxw ghidxowlqj1 +Wklv lv vr vlqfh kh zdv elgglqj s+P,  { +P, zlwk ghidxow
g +P ,@mms+P,mm $ 3/ dqg vlqfh s+P ,  { +P,@s+P,  h $ 4,1 Iru hdfk c 5 Of /
s +P,@P $ 31 Khqfh wkh wrwdo elg e +P, rq c vdwlvhv e +P,@+P h ,P $ 31 E|
elgglqj   +P, @ +4@&Of ,+4   ,s+P,  h +zklfk lv ri wkh rughu ri P,/ wkh djhqw
dftxluhv dw ohdvw } +P ,    +P,@^  +P, . e +P,`P h 1 Vlqfh   +P,P lv ri rughu
P 2 /   +P,P@e +P, $ 41 Wkxv } +P, $ 4 dv P $ 4/ zklfk lv fhuwdlqo| juhdwhu
wkdq | 1 Wklv vkrzv wkdw wkh djhqw ri w|sh k fdq dftxluh frqvxpswlrq dw ohdvw dv
elj dv | +iru odujh hqrxjk P ,/ zlwkrxw lqfxuulqj ghidxow/ surylqj wkdw ++{ ,MM > s,
lv d ZH1
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